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Figure 1: Probability density and cumulative distribution function of a stan-
dard stable random variable for di®erent parameters values.



symmetric a-stable random variable can be thought of as the product of a

Gaussian X; (o1 = 2) and a perfectly skewed (positive) random variable
Xy ~8(%,1).

In other words, a symmetric a-stable distribution can be represented as a
scale mixture of normals [21,22]. To see how this works in practice, let us

consider a generic model with noise at time 4 expressed as
€ ~ S(a,0,7,9), i=1,...,N.

If we introduce an auxiliary white noise u; ~ N (0, 1), where A/(0,1) denotes
a standard normal distribution, using the above property allows us to express

the a-stable noise as
& = 0+ vV N, Ai~8(%,1), ui ~N(0,1). (2)
Conditionally on A;, we have thus
eilAi ~ N(8,7°N). (3)

So, if we can generate appropriately simulated values from A, we can con-
dition upon this vector to return into a Gaussian framework. This idea has
been employed successfully in MCMC samplers, see [5,14,15].

2.1 a-stable distributions in noise modelling

The theoretical argument in favor of a-stable distributions is supported by
a good fit on real noise data in several applications, including communica-
tions [1,2]. Here we provide a further motivating example, which is used
for our real data simulations later in the paper. The noisy data are taken
from early sound recordings from an early 20th century archive. This par-
ticular archive contains much challenging material that has proved difficult
to process using the standard techniques [23], and it was proposed that an
a-stable model might be more appropriate here. An excerpt of just over one
second (44487 observations) of the recording, in which there was only noise
and no musical signal present, was extracted and fitted with a stable dis-
tribution, using an approximate maximum likelihood method based on the

FFT of the characteristic function!. Results are reported in table 1, along

!For a more detailed description on how the maximum likelihood procedure is imple-
mented, we refer to [24].



4.2 Particle Filters

In the above importance sampling framework the data are processed in
batches and, as new observations arrive, it is necessary to produce a new
sample from the importance distribution (with increasingly large sample
size) and recompute the importance weights. In many practical situations,
however, ranging from the signal processing to the financial field, data are
naturally available on a sequential basis, and having to re-run the whole
estimation as new data arrives is often not feasible when new observations
arrive at a high rate.

Particle filtering methods have been recently proposed for state space
models [6, 7], see also [8,30,31] for recent developments and review. The
idea underlying this approach is to represent the distribution of interest by
a large number of random samples, or particles, evolving over time on the
basis of a simulation-based updating scheme, so that new observations are
incorporated in the filter as they become available.

More formally, the objective is to update, at each time t, p(6o.t|y1.¢)
without modifying the past values of . The importance distribution should
thus be such that

7(00:¢|y1:t) = T(O0:e—1]y1:6—1)7(0¢]00:0—1, y1:),
and the weights factorize as w(fo.+) = w(6p.4—1)w; where

P(Yt ’901157 Y1:t—1)P(9t !9t—1)
W(etwO:t—h YI:t)

w X

The weights can then be updated recursively, since w(0y.;) = w(0g.4—1)wy. It
was shown by [8] that the optimal importance distribution, that is the one
that minimizes the variance of the importance weights, is p(6¢|00.t—1,¥¢)-
Unfortunately in our case this is not easy to simulate from. A simple alter-

native, as employed by [6] and [7], is to use

T(0¢)00:t—1,y1:t) = p(O¢]0i—1), wi o< p(yelOo:t, Yi:6—1)

i.e. the importance weights are then simply proportional to the marginal
likelihood, computed using the Kalman filter in (16).

The weights are then normalized according to



where 0(()12 denotes the i-th particle. This is basically the approach employed
in the seminal paper by [6], plus the resampling step which we will discuss

in the following paragraph.

4.3 Resampling

It turns out that an algorithm of this kind will eventually degenerate, i.e.
assign almost all the weight to a single particle. In order to overcome this
problem, a resampling step is necessary. In the resampling step, particles
with low importance weights are discarded and those with high importance
are multiplied. More formally, after producing a set of particles from the
importance distribution and having assigned to each one an appropriate
weight, we associate to each particle 7 a number of offspring M; such that
Zf\il M; = M. After this selection step, offspring particles replace the
original particles and the importance weights are reset to 1/M, so that the
set of particles can be thought of as a random sample. The resampling
step can be implemented at every time interval [6], or it can be employed
whenever the set of particles crosses a certain degeneracy threshold. A
measure of degeneracy of the algorithm is the effective sample size [31],
defined as

M
M= ——.
1 + Var(wy)
This quantity can be estimated by
- 1
M, = —————;
M ~2(3)’
i=1 Wt ©

when M, drops below a certain threshold, the resampling takes place.
Several resampling schemes have been proposed in the literature [6,31];
in our specific case, we will employ Systematic sampling. For a description
of the algorithm, we refer to [31].
To wrap up, what the algorithm practically implements at each time

interval is the following:

1. Sample M particles 02 from the importance distribution 7(6;|0o.t—1,¥1:¢)
and set 0], = (0], 60.41).

2. Evaluate the importance weights according to

p(}’t%:t, Y1:t—1)p(92 16:—1)
W(ez\eom_h Vi)

Wt
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3. Normalize the importance weights:

(1)
@(65)) = —];U <00:t)( -
Zj:l w (90{t>

4. Resample if M, below threshold by multiplying or discarding particles
according to their weight to produce a new set of M particles 6.¢, each
with weight @w(0p.¢) = 1/M.

An issue which is closely related to degeneracy is that of the depletion
of samples. When performing the resampling step, particles with high im-
portance weight tend to be sampled a large number of times and it could
happen that the initial set of particles ends up in collapsing into a single par-
ticle. We will examine in what follows two situations in which the depletion

of samples should be seriously taken into account.

4.4 Fixed-lag smoothing

In some cases, in order to obtain a smoother estimate of the state, it is
useful to consider the distribution at time ¢ after a certain number of time
intervals L. In more formal terms, instead of considering p(X|yi.), we
focus on p(X¢|y1:4+1). It is hoped that expanding the information set by the
use of an appropriately chosen lag window L improves the estimates of the
states. In principle, fixed-lag smoothed densities can be straightforwardly
obtained by the general algorithm proposed above, by simply extracting
signal estimates at time ¢ — L + 1 from the particles. This simple method
obviously involves no increase in computational burden and will be used in
one of the experiments. However, it turns out that such a scheme, where
states at time ¢ — L 4+ 1 could have been resampled up to L times, leads to
serious degeneracy as L grows larger.

In order to overcome this degeneracy problem, an MCMC approach
similar to [11] can be adopted. Let us consider that, at time ¢ + L, the
particles are distributed according to p(Qo.t+1|y1:¢+1); the idea is to apply
to each particle a Markov transition kernel K* with invariant distribution
P(00:4+1|y1:4+1) in order to introduce diversity among the particles, as pro-
posed originally in [32].

If we denote with 96(?4_ ;, the i-th particle after the resampling stage, the
MCMC proceeds by sampling each particle and state 9,(:) according to target
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density p(0k|9(_13€7 yl:t+L)a where

) = (035?_1, 0,00 or) ,ezﬂ) ,

and kK = t,t+1,...,t+ L. A Metropolis-within Gibbs sampling MCMC
scheme can be designed to achieve this. In the Gaussian noise case, a suit-
able scheme, including a forward-backward Kalman filter for efficient im-
plementation, may be found in [11]. The extension of the above scheme to
the « stable case is straightforward, involving a change of the observation
model as in (11). This requires MCMC steps for the additional A parameters
introduced in that model. This additional step can readily be accomplished
using the scheme of [14,15]. However, it proved to be an unnecessary step
in the cases we considered and the \’s we will use are simply those obtained

directly from the importance sampling step.

4.5 Static parameters

The degeneracy problem is however much more severe whenever the par-
ticle filter has to deal with the estimation of static parameters. The prior
p(0¢+1|60:) would have probability mass 1 at 6y, so the particles are never up-
dated and rejuvenated and they eventually collapse on a few — and sometimes
even one — single value. In our specific case, we have up to now assumed the
stable law tail parameter a to be known. This is rarely the case in practical
applications. Furthermore, whereas in static estimation problems one could
somehow pre-estimate static parameters, in our sequential estimation case
this is obviously impossible. Fixing the static parameters to arbitrarily cho-
sen guesses is in general very bad practice. In our specific case, however, a
few experiments, not reported here for sake of brevity, have reported that,
even if the guessed « is not very close to the actual one, the results are still
satisfactory and the improvement of the signal remains at the same order of
magnitude. However, it would surely be preferable to estimate « together
with the other parameters as the data are processed.

Several approaches to this problem are available. The MCMC schemes
above for fixed lag smoothing can be adapted to the static parameter case
(see, e.g. [33,34]), for example, although in our case this led to a filter of
ever growing computational complexity and so was not adopted. Another
approach to overcome the degeneracy problem is to introduce artificial pa-
rameter evolution, that is, simply pretending that static parameters are

indeed time-varying by adding a noise term at each time interval [35]. The
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problem is that in doing so we introduce additional variability by “throwing
away” information. In [36], a method for quantifying this loss of informa-
tion is proposed and an artificial parameter evolution scheme immune to
this problem is introduced. To focus the attention on our specific case, we
note that the static parameter is the stability index «. Introducing artifi-
cial parameter evolution is equivalent to considering a model in which « is

replaced by its time-varying analog a; which evolves according to

o1 = oy + Gy, Gt~ N(0,wy).

In a situation in which « is fixed, the posterior distribution p(a|y1.t) could
be characterized by its Monte Carlo mean and variance a; and s7. It is
immediate to observe that, in the case of artificial parameter evolution, the
Monte Carlo variance increases to s? + &. The Monte Carlo approximation

can be expressed as kernel smoothed density of the particles as

M
plalyn) = Zw?)/\/’ (O‘t+1|a1(gj)7£t) :
i=1

Now the target variance s? can be expressed as

S% = 8t271 + gt + 2COV(C¥t-1, Ct)7

so if we choose
&
2

we have managed to avoid the loss of information. A simple particular case

COV(Oét—L Ct) = -

in which this can be achieved is to consider

1
wtzs,?(d—l),

where 0 is a discount factor in (0, 1]; the authors suggest its value to be
chosen around 0.95-0.99. If we define d = 352—;1, the conditional density

evolution becomes

plagyr|ar) ~ N (atH]dat + (1 —d)ay, hQStQ) , (17)
where )
36 —1
2 _ 4 _ 12 _1_
e (B0

so that sampling from (17) is equivalent to sampling from a kernel smoothed
density in which the smoothing parameter h is controlled via the discount

factor 4.
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5 Experiments and Results

In this section we will show how the sequential Monte Carlo method outlined
above performs on both simulated and real data. As a benchmark of model
performance, we will use the signal to noise ratio, defined as
T 2
SNR = 101log, VL (18)

le(xt - Zt)Q’

where x; is the clean signal and z; represents, in turn, the observed noisy
signal and the filtered state. It is obviously hoped that replacing the noisy
signal y; with the filtered state z; produces an improvement in the SNR.
Since the variance of a-stable distribution is infinite for o < 2, it is obvious
that the expression above is inconsistent from an inferential point of view. As
T goes to infinity, the denominator will diverge to infinity too, thus yielding
a SNR of —co and an infinitely large improvement for any kind of filtering
algorithm. A modified version of the SNR that yields consistent results in
the case of a-stable noise could be constructed by expl3oiting the fact that,

if Z has stable distribution with characteristic index «, E (|z|*) < oo:

T
Zt:l ||
Z;F:l |z — 2¢|*

In our case, however, we will deal with small sample sizes and, for ease of

comparison with other results commonly available in the literature, we have
decided to use the traditional SNR. In one of the experiments that follow,
however, we have compared the performance of the indicators, highlighting
that they perform approximately the same when small sample sizes are
involved.

We will start by considering the simplest case, that is the one in which
« is known a priori and we do not perform fixed-lag smoothing, so that
there is no need for the MCMC step outlined in the above subsection. The
importance function was taken to be the prior p(6;|6;—1); as a resampling
scheme, we will use systematic sampling, applied at each time step.

We have generated a synthetic signal of 200 observations with parameters
Aq, = 21, Aq = 0.00051, 62 = 0.2, 62 = 0.005, 67 = 0.5, 67 = 0.00005; the
signal was then corrupted with symmetric a-stable noise with o = 1.4. The
SNR of the noisy observations was 0.83dB. The synthetic data are depicted
in figure 4; the corresponding parameter values are reported in figure 5.

Using a simple Gaussian model, using the algorithm proposed by [11],

leads to very poor results, as should be expected. The filtered states, along
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Figure 4: Clean and noisy signal, synthetic data.
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Figure 5: Evolution of the true parameters of the model.
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Figure 6: Filtered signal (solid line) with 95% quantile bands (dotted lines),
Gaussian noise.
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Figure 7: Estimated parameters of the model, Gaussian noise.

with the corresponding 95% quantiles, are displayed in figure 6. We can ob-
serve that, especially when the signal is highly corrupted by the noise peaks,
the filtered states are very near to the observations, according to the low
likeliness of such extreme values under the Gaussian noise assumption. Fur-
thermore, as becomes apparent looking at the estimated parameter values
(figure 7), the extreme observations are somehow “absorbed” by jumps in
the variance of the signal. The overall improvement in SNR was of 0.86dB,
with RMSE 1.6947.

On the other hand, the use of the stable model greatly reduces the in-

fluence of the extreme noise observations, achieving a SNR improvement of
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Figure 8: Filtered signal (solid line) with 95% quantile bands (dotted lines),
stable noise, a = 1.4.

5.12dB with RMSE 1.0382. Looking at figure 8, we can observe how the
filter was not misled by extreme observations. Now, concerning the esti-
mated parameter evolution, displayed in figure 9, we can observe that the
estimated parameters start displaying a trajectory similar to that of their
actual counterparts around the fiftieth observation.

Similar results hold when « is estimated along with the other parameters.
The prior we used for o was a simple uniform on the support (0.2, 2)°, and we
fixed the discount factor d in (17) to 0.95. The evolution of the stability index
is depicted in the top graph of figure 11 along with the 95% quantile bands.
The SNR improvement is 5.13dB with RMSE 1.0372, nearly identical to the
case analyzed earlier in which we fixed « to its true value. The evolution of
the kernel smoothed posterior distribution of « for the last time intervals is
presented in figure 12.

In order to get insights about the appropriate number of particles to be
used, we have performed a Monte Carlo experiment consisting of 50 inde-
pendent replications. All experiments were performed on a laptop computer
with a 2.66GHz Intel® Pentium® IV processor with 512Mb RAM. The re-
sults, reported in Table 2 seem to indicate that using more than 300 particles
does not lead to a significantly improved performance despite the increase
in computational effort. A number of particles between 100 and 300 seems
to be a good compromise between speed and accuracy.

Concerning the fixed-lag smoothing, we have performed a simulation
experiment consisting of 50 independent replications over 100 particles for
different lengths of the lag window. Results are reported in Table 3 and

suggest that an optimal lag window could be between 5 and 10. However, if

5Values of o smaller than 0.2 were ruled out a priori as too heavy-tailed.
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Figure 9: Estimated parameters of the model, stable noise, fixed o = 1.4.
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Figure 10: Filtered signal (solid line) with 95% quantile bands (dotted lines),
stable noise, a = 1.4.

Table 2: RMSE and mean and standard deviation (in parentheses) of SNR
improvement, over 50 independent replications, for different number of par-
ticles M. The last row reports the average time (in seconds) required to
process one observation.
M=10 M=50 M=100 M =300 M =500
RMSE 1.3688  0.9921 0.9893 0.9892 0.9892
SNR 2.86561  4.8815 5.1515 5.4857 5.4786
(1.6433)  (0.7991)  (0.5344) (0.2708) (0.2222)
Time 0.0219  0.0897 0.1432 0.3810 0.6407
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Figure 11: Estimated parameters of the model, stable noise.
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Figure 12: Kernel smoothed posterior densities of a for ¢ = 150, ..., 200.
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one is interested in processing the observations in a quicker way, it is possible
to employ the non-Rao-Blackwellized version of the algorithm [9]. In this
case, the time required to process one observation drops dramatically, at

some expense to the signal estimation accuracy.

Table 3: RMSE and mean and standard deviation (in parentheses) of SNR
improvement, over 50 independent replications, for different length of the
lag window L with 100 particles. The last row reports the average time (in
seconds) required to process one observation.
L=0 L=5 L=10 L=20
RMSE 0.9892 1.0151 0.8893 0.9561
SNR 5.1515 6.1061 6.1907  5.8457
(0.5344)  (0.4889) (0.5483) (0.6312)
Time 0.1432 1.0734 1.9126 3.5102

Up to now, we have employed for all the simulations the same synthetic
data set depicted in figure 4. In order to confirm that the performance of
our method does not depend on the particular data set at hand, we have
conducted a simulation experiment, consisting of 50 independent replica-
tions, in order to assess the average gain in SNR with different synthetic
data sets. As a benchmark we used both the standard SNR, and its modi-
fied version that takes into account the non-finiteness of the variance of the
data generating process defined in (19). Each of the synthetic time series
consisted of 200 observations and was generated by the same algorithm as
that in figure 4. We have employed a filter, without fixed-lag smoothing,
maintaining various numbers of particles. Results are reported in table 4
and seem to suggest that the average SNR improvement depends weakly on

the number of particles.

Table 4: Mean and standard deviation (in parentheses) of SNR and SNR,
improvement, over 50 independent replications on 50 different synthetic data
sets, for various numbers of particles M.
M=50 M=100 M =200 M =500
SNR  10.5877 10.8249  10.9606  11.0201
(6.3530)  (6.1029)  (6.3236)  (6.1482)
SNR, 5.2933 5.4453 5.5474 5.5693
(3.5238)  (3.3315) (3.4988) (3.3687)

The final simulation experiment we have performed consists in artificially
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corrupting with symmetric a-stable noise a clean sequence of audio data; we
have used the first 6.75 seconds of the Boards of Canada’s “Music is Math”
from the album “Geogaddi” (44.1KHz, 16 bit, mono). This audio source
was originally computer-generated, and presents no kind of corruption or
background noise. The parameters of the artificial noise were set to oo = 1.7,
0 = 0, and the scale parameter v was evolved from its initial value 0.01
according to a Markov process as in (12), with 6 = 0.01. The resulting SNR
is 3.9564. For illustration purposes, the filter was first run on an excerpt
of 1000 observations (200001 to 201000 out of 261072, SNR 8.72); clean,
noisy and filtered signal for this excerpt are displayed in figure 13. We have
employed 200 particles, with a fixed-lag smoothing window of length 5; the
filter performed remarkably well, achieving a SNR, improvement of 12.66.

The same filter was then applied to the whole series, yielding again a
remarkable SNR improvement of 10.88. The reconstructed audio source
was then recoded in audio format, and informal listening tests confirmed
the reduction of the noise. In particular, the filter performed very well in
removing the peaks but left a small amount background noise®
like a feeble “hiss”.

One issue which was quite sensitive in configuring the filters was the

, sounding

choice of the prior for the scale parameters o and . Preliminary experiments
pointed out how values very far from their true counterparts can lead to
poor performance, mainly owing to the trade-off effect between the scale
and the tail-thickness parameter and the slow evolution speed of the scale
parameter. For example, a too small value of v can lead « to decrease to
compensate the effect. In the present case, we have bypassed the problem
by using an informative normal prior centered on the true value of -+, which
was obviously known a priori. The issue deserves however further attention
in our future work - for example these parameters can be learnt off-line using
a batch procedure such as MCMC and a short section of initial data.

We are now in position to consider an application of the above method-
ology to a genuine corrupted audio data set. The audio source chosen is
from a music recording database of songs made in Palestine in the early
twentieth century; this audio source is extremely noisy and corrupted; as
we have pointed out in section 2, the noise of this audio source is modelled
very well by an a-stable distribution. We have applied the particle filter,

SAll audio examples presented in this paper can be downloaded at the URL
http://www.ds.unifi.it/mjl/sound.htm.
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Figure 13: Excerpt of clean, noisy and reconstructed signal for Boards of
Canada’s “Music is Math”.

with M = 100 and L = 100 to a short excerpt of two seconds of one of
the audio tracks. Given the large number of lags involved, we have decided
not to perform the MCMC step in order to reduce the computational time.
The results were encouraging: the peaks in the corrupted audio signal were
removed, leaving behind a “seemingly white” background noise that could
be dealt with by traditional filtering methods. The final estimated value for
a was 1.5509. In figure 14, we report a comparison between a short excerpt

of the original signal and its filtered counterpart.

6 Conclusions

We have proposed and tested methods for performing on-line Bayesian filter-
ing in TVAR models with symmetric a-stable noise distribution. Using such
a distribution allows for more flexibility and permits successful modelling of
the heavy-tailed noise which is often observed for example in corrupted au-
dio time series. The performance of this filtering method was assessed on
both simulated and real data, and the analysis of a genuinely degraded au-

dio source suggested that a-stable distributions are particularly well suited
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Figure 14: Original and filtered signal for the Lachmann database.

to model this kind of noise.

One reason why we considered only symmetric cases of a-stable distri-
butions instead of the more general asymmetric version is that they can be
represented exactly as a scale mixture of normals. This useful property, that
allows us to use the Kalman filter by expressing the model in conditionally
Gaussian form, does not hold for the more general asymmetric case. In that
case, one should resort to more standard techniques to obtain the likelihood
of every particle, but the necessity to perform the inversion of the charac-
teristic function via the FFT at each time interval and, within a given time
interval, for each particle, would lead to excessive computational require-
ments, at least according to the power of the machines available to us. In
fact we believe from observation that the a-stable distributions involved in
audio noise are very close to symmetric, so we do not regard this restriction
as a serious limit to the methods in this application.

Although we have focused our analysis on symmetric a-stable distribu-
tions, this approach has much more generality and can routinely be extended
to other situations in which the distribution of the noise can be represented
as a scale mixture of normals; it is in fact sufficient to modify the distribution
of the scaling factor A. Distributions that can be expressed as scale mixtures

of normals include the logistic, Student’s ¢t and power exponential [37]. In
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particular, the Student’s ¢ and the power exponential distribution are espe-

cially appreciated in the setting of noise modelling and we will present here

for reference the densities that should be employed for the scale factor A.
If the noise has t distribution with v degrees of freedom, scale parameter

o and location parameter y

€5 ~~ t(l/,,U,,U),

the scaling factor has inverse gamma distribution with shape parameter 1/—%

and scale parameter 2 [21]:
€ = 1+ o/ A, Ni~Ig(v—121,2), ui~N(0,1).

The (standardized) power exponential distribution, sometimes referred to

as generalized error distribution (GED), has probability density function

f(z) ocexp (|27,

with a € [1,2]; the case a = 2 obviously corresponds to a Gaussian distri-
bution, and @ = 1 to a Laplace, or double exponential, distribution. If ¢;
has power exponential distribution with parameters «, p and o, the scaling
factor can be shown [37] to have density

p(N) o< A %s (A% 9,1),

)

where s(-; «, ) denotes the probability density function of a standard stable
distribution with tail parameter o and asymmetry parameter (3. Although
this density cannot be expressed in closed form, simulated values can again
be readily obtained using the approach of [13].

In general, ¢ distributions and power exponentials are far more popular
than the a-stable for heavy tailed modelling purposes; in our opinion this is
mainly because of their simplicity. However, as we have observed in section
2, the a-stable distribution fits certain data much better than the Student’s
t. Moreover, in our framework the a-stable and GED models will involve
approximately the same computational burden as that for the (apparently
simpler) Student’s ¢ case, since the generation of stable law random numbers
takes roughly the same magnitude of computation time as that needed to
produce inverse gamma distributed random numbers.

To conclude, we have presented practical Monte Carlo methods for on-

line estimation of TVAR models in the presence of a-stable noise. The
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methods are accurately able to infer the signal state as well as unknown

parameters, including the challenging o parameter of the stable distribu-

tion. Results so far are promising both for simulated data and for an audio

processing example.
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